ON USE OF AN EXPLICIT CONGRUENCE PREDICATE IN 
BOUNDED ARITHMETIC 
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Abstract. We introduce system S^E, a bounded arithmetic corresponding 
to Buss's Sq with the predicate E which signifies the existence of the value. 
Then, we show that we can Sj-define truthness of SqE and therefore we can 
prove consistency of SqE in 82- Finally, we conjecture that 5q-E + Ej —PIND 
interprets Sf. 



1. Introduction 

One of the central questions concerning Bounded Arithmetic is whether Buss's 
hierarchy C S2 Q ■ ■ ■ of theories coUapses [2] . Natural way to show difference 
between these theories is to look whether these theories proves (some appropriate 
formulation of ) a consistency statement of some theory T. However, known results 
are mostly negative. Pudlak [3] shows S"^ cannot prove bounded consistency of 
Sf. Buss and Ignjatovic [1] improve Pudlak result showing that Sf cannot prove 
Bj-bounded consistency of . 

Here, natural question arises: is there a "sufficiently strong" theory which can 
be proved consistent inside Sf for some i G N? By "sufficiently strong" theory we 
mean a theory T which can be used as a replacement of Sq to formalize Sf. In 
other word, we mean a theory T such that T plus T,\-PIND can interpret Sf. 

To prove consistency of T inside Sf, natural way is having a truth definition of 
the language of T inside Sf . Looking Takeuti [4] , main difficulty to have a truth 
definition of the language of S^ inside Sf is the fact that Sf cannot uniformly prove 
the existence of valuation of the terms. This suggests that adding a predicate which 
signifies convergence of terms to Sf makes consistency proof of Sf easier. 

In this paper, we define S2E, a bounded arithmetic with an explicit congruence 
predicate and prove its soundness inside 5*1. S2E does not have any induction 
axioms, hence it corresponds 6*2 in Buss's hierarchy. In comparison to 5*2, it is 
very weak since for example, it does not contain commutativity of +, • and so on. 
However, we conjecture that if we add 6*2 -E Sj-PIND, it can interpret Sf. This 
conjecture is supported by the fact that 5*2^? contains all inductive definition of 
functions and predicates. The language of SqE is restricted to Sj-formulas so that 
S2 can prove its soundness. 

This paper is organized as follows. In Section 2, The system S2E is introduced. 
In Section 3, truth definition of S2E inside Sf is given. In Section 4, soundness 
and consistency of S2E is proved inside Sf. Finally, in Section 5 several conjecture 
concerning S2E are given. 
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2. A BOUNDED ARITHMETIC S'^-E USING EXPLICIT CONGRUENCE OPERATOR E 

Definition 1 (Language of S2E). Language of S2E consists of the following sym- 
bols. 

• constant 

• Variables xi,X2, ■ ■ ■ ( denoted x,y,a,b, etc. ) 

• unary function symbols iS, [2 J , | |, SO) and binary function symbol+, x , # 

• unary predicate symbols E and binary predicate (relation) symbol <,= 

• logical symbols V, A, -1 and quantifiers V, 3. 

Definition 2 (Terms of 5*2 -E). Terms of S2E are defined as recursively as follows. 

• Variables x\,X2,X3, . . . are terms. We use metavariable x,y,z to denote 
variables. 

• Constant is term. 

• Ifti,t2 are terms, Sti,ti + t2,ti x L^J J^il)*i#*2) soti, siti are terms. 
We use ti,t2, ■ ■ . ,t, s,u to denote terms. We say a term t sharply bounded ift has 
a form \t'\. For any natural number, there is a standard notation using shortest 
combination o/0,so,si- If we use numerals 1,2,3,... in the language of S2E, we 
understand that they are represented by such a standard notation. 

Definition 3. Formulas of S2E are defined as follows. 

• For terms ti, . . . , t„ and n-ary predicate symbol p, pti . . . t„ and ^pti . . . t„ 
are formulas. We often use t ^ u and t ^ u to denote -it = u and -it < u 
respectively. 

• If (j) o-nd tp are formulas, V "0 and (j) Aip are formulas. 

• If (p is a formula , t = \u\ is a sharply bounded term and x is a variable, the 
form Va; <t(j) is a formula. We say quantifier in the form Vx < \t\ sharply 
bounded. 

• If (p is a formula, t is a term and x is a variable, the form 3x < t<p is a 
formula. 

We call a formula in the form pt\ . . .tn (p : predicate, ti,. . . ,tn • terms) atomic 

Definition 4. Axioms of are sequents defined as follows. 
E-axioms: 

(1) ^EO 

(2) Ex EsiX 
where i = or 1. 

(3) pti...tn^ Et^ 
where i = 1 . . . n. 

(4) -^pti ...t„-*Eti 

where i = 1. . .n. 
Equality axioms: 

(5) Ex X = X 

(6) X = y,y = z ^ X = z 

(7) x = y ^ SiX = Siy 
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where i — or 1. 
Separation axioms: 

(8) X ^ ^ X ^ sqx 

(9) Ex — > a; ^ six 

(10) Ex sqx ^ six 
Inequality axioms: 

(11) Ex^O<x 

(12) X <y ^ SiX < SiU 
where i = or 1 

(13) a; < y ^ soa; < siy 
Defining axioms: Cond: 

(14) Ey, Ez Cond{0, y,z) = y 

(15) ECond{x, y, z) Cond{sox, y, z) = Cond{x, y, z) 

(16) Ex, Ey, Ez — > C(md{s\x, y,z) = z 
S: 

(17) ^ 50 = siO 

(18) Esix Ssqx = six 

(19) ESx Ssix = so (5a;) 

I |: 

(20) ^ |0| = 

(21) £;5|a;| ^ |soa;| = Cond{x, 0, S\x\) 

(22) £;5|a;| ^ \six\ = S\x\ 

(23) ^L^J=0 

(24) Ex l-sox\ = X 

(25) Ex l^sixj = X 
ffl: 

(26) Ex ^ xmO = X 

(27) Eso{x El y) — > X ffl sqJ/ = Cond{y, x, so{x ffl y)) 

(28) Esoixmy) ^ xBsiy ^ So{xmy) 

#: 

(29) Ex x#0 = 1 

(30) E{x#y) mx^ x#SQy = Cond{y, 1, {x#y) ffl a;) 

(31) E{x#y) ffl a; ^ x^s^y = {x#y) ffl x 
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parity. 

(32) ^ parity{0) = 

(33) Ex parity{sox) = 

(34) Ex —>■ parity{six) = 1 

+: 

(35) Ex ^ x + = X 

(36) E{[^x\ +y) ^ X + SQy = Cond{parity{x), Sq{[^x\ +y),si{[^x\ + y)) 

(37) E{[^x\ + y) ^ X + siy = Cond{parity{x),si{[^x} + y),so{S{[^x} + y))) 



(38) ^a; ^ a; • = 

(39) Ex -y ^ X ■ {say) = so{x ■ y) 

(40) Esa{x - y) + x ^ X ■ (siy) = so{x ■ y) + x 

Definition 5. Let T{x) A(x) be a sequent with free variables x. Then, substi- 
tution instance r{t) A(t) of T{x) A(a;) is a sequent obtained by substituting 
terms t to free variables x in T{x) A{x). 

Definition 6. The inference rules of 5° -B are defined as follows. 
Identity rule: 



where a is an atomic formula. 
Axioms: 



if T ^ A is an substitution instance of axioms defined in Definition 4- 
Stractural rules: Weakening rule: 

r ^ A 

A,r-> A 

r^A 



Contraction: 



Exchange: 



T^A,A 

A,A,r A 
A,T^A 

r^A,A,A 
T^A,A 

r,A,B,U^ A 
T,B,A,U^ A 

T-^ A,A,B,U 
T^A,B,A,U 
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Logical rules: -i-rules: 

r A,p{ti, ...,tn) 

where p is a n-ary predicate. 

p(ti....,t„),r^ A 

Eh,...,Etn,r ^ A,^pih,...,tn) 

A-rules: 

Ar^ A 
aab.t^a 

A,r^A 
baa.t^a 

T^A,A T^A,B 

t^a,aab 

V-rules: 

A,T^A B,r-*A 
AV B,T^A 

r^A,A 
T -^A,AVB 

r-^A,A 
T^A,BVA 

V-rules: 

A{t),r^A 

t<s,\/x< s.A{x),T ^ A 

x<t,V ^ A,A{x) 
Nt,T ^ A,yx < t.A{x) 

where x does not appear m F, A and t. 
3-rules: 

X < t,A{x),T ^ A 
3x < t.A{x),r ^ A 

where x does not appear in F, A. 

T^A,A{t) 
t < s,T ^ A,3x < s.A{x) 

Cut-rule: 

r,n ^ A, A 
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3. Truth definition of S2E 

Definition 7. A tree w is b-valuation tree of a term t{d) bounded by u if and only 
if 

(1) All nodes of w has a form ([tol,c) where [tol is a Gddel number of a 
subterm to oft and c<u. 

(2) Leafs of w are either in the form ([0],0) or ([a,],6i). 

(3) The root of w has a form ([f(a)],c). 

(4) Child nodes of a node . . . , f„)] , c) are {\t\\,dx),. . . ,{\tn\,dn) and 
c = f{di, . . . , dn) holds. 

If the roof of b-valuation tree w has a form {\t'\ ,c), we say the value of w is c. 

We define w([i],6) J,„ c ^^def 3w < s{\t~\,u) "w is a b-valuation tree bounded 
by u and the root of w is { \t] , c) " where s is a suitable term to bound the size of 
valuation trees oft bounded by u. Then, v{\t'\,b) [u c is a Y\-formula. 

Lemma 1. The following statements are provable in Sf. 

(1) If w is a b-valuation tree bounded by u and u < u' , w is a b-valuation tree 
bounded by u' . 

(2) v{ It] ,p)iuC and u < u' , then v{ It] , p) J,^ c. 

(3) v{\t] ,p)iuC and v{\t] , p) J,„ c', then c = d . 

Lemma 2. The following statements are provable in Sf. 

(1) v{\f{ti((a)),---^tk({a)))],b) iu c then, 3di, . . . ,dk,v{\ti({a))],b) U di, 
■■■ «(r^fe((a))l,6) iu dk and f{di,...,dk) = c. 

(2) i;([Ol,6UoO 

(3) v{\aj],b) ib^ bj 

(4) v{\t{d, t'{d))] ,b) iuc^ 3c' < u, v(r*'(o)l , b) i„ c' A v{\t{d, a)'],b* c') U c 

Definition 8. Assume that (j) is a quantifier free formula ofS^E. We define 6-truth 
tree bounded by u of (f){d) as a tree w satisfying the following condition. 

(1) All nodes of w has a form ([?/'], e). 

(2) The root of w has a form ([(/)(a)] , e). 

(3) The leaf of w has a form ( \t\ < t2\ , e) or { \t\ ^ t2\ , e) or ( \t\ = t2'\ , e) 
or {\ti 7^ t2],e) or {{Etlje). For the case of that the leaf has a form 
{\ti < t2],e), e = 1 if and only if3ci,C2 < u, v{\t{\,b) i„ Ci, v{\t2\,h) i„ 
C2 and ci < C2. Otherwise e = 0. For the case of that the leaf has a 

form. {\ti ^ f2l.f), e = I if and only if3ci,C2 < u, v{\ti\,b) i„ ci, 
^^([^2!,^) iu C2 and ci ^ C2. Otherwise e = 0. For the cases of {\ti =t2~\,e) 
or {\ti ^ t2l,e}, the conditions are similar. For the case that the leaf is 

{ \Et'] ,e), e = 1 if and only if 3c < u, v{\t'\ , b) |„ c. Otherwise e = 0. 

(4) // the node r of w has a form A (p2'],f-), r has child nodes {\4>i~\,ei), 
{\(j)2^ , £2) cind e = 1 if and only if ei = 1 and 62 = 1- Otherwise e = 0. 

(5) // the node r of has a form V 4>2]t^), r has child nodes {\ , ei) , 
{ \4'2^ J £2) o,nd e — 1 if and only if ei — 1 or 62 = 1. Otherwise e = 0. 

We define To{u, \<j){d)],b) '^def < s( [0(a)] , u), "w is a b-truth tree bounded by 
u and the root of w has a form ([0(a)], 1)." where s is a suitable term bound the 
size of w by t and u. Then, To{u, [0(a)], 6) is a Y,\-formula. 
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Lemma 3. 5*2 proves the following statements. 

(1) To{u, \ti < t2],'S} ^ 3ci,C2 < u,v{\ti~\,b) iu Ci Av{\t2^,l}) lu C2 Aci < C2 

(2) To{u, \ti ^ t2],b) ^ 3ci,C2 < u,v{\ti'\,b) U ciAv{\t2],b) U C2 A Ci ^ C2 

(3) To(u, \ti = t2],b) ^ 3ci,C2 < u,v{\ti~\,b) |„ a A t;([t2l,6) lu C2 A ci = C2 

(4) To(m, \ti ^ i2l,^) ^ 3ci,C2 < u,v{\ti],b) J.„ ci A v{\t2],b) lu C2 A ci ^ C2 

(5) To(w, , 6) ^ 3c < M, , 6) i„ c 

(6) To{u, \<f>i A (/.2I , b) ^ To{u, [(/.i] , b) A To(u, [^2! , b) 

(7) To(u, [01 V ^2] , b) ^ Mu, , b) V To(u, [02l , 6) 

(8) To(m, [<?i.(a, t(a))] , 6) ^ 3c < m, i;([f(a)] , 6) i„ c A To{u, [(/)(a, a)] , 6 * c) 

(9) To{u, \<p],b),u<u' ^ To{u', r<^l , b) 

Proof. Only (8) is non-trivial. (8) is proved by induction on the construction of (f). 
Using (6), (7), it is proved by considering the case where (j) is atomic. But if (j> is 
atomic, the proof is handled by Clause (4) of Lemma 2. □ 

Lemma 4. IfTo{u, \ti~\ , p), . . . ,To{u, \ti~\ , p), then either T{u, \p{ti, ■ ■ ■ , tn)~\ , p) or 
T(u, \^p{ti, ■■■ , tn)] , p) holds. 

Definition 9. </)(a) is called pure 1-form if and only if it has a form 

3xi < ti{a)Wx2 < \t2ia, xi)\A{d, xi, X2) 

where A is quantifier-free and does not contain predicate E. 

Formula ip are called 1-form if it is subformula of a formula in pure 1-form, i.e. 

• tp is in pure 1-form, or 

• ip has a form \/x < \t{d)\A{d,x) where A is quantifier-free and does not 
contain predicate E, or 

• ip is quantifier-free and does not contain predicate E. 

Definition 10. T{u, \4){a)\,b) is defined as the formula stating "\(j){a)'] is a Godel 
number of 1-form or formula in a form Et and one of the following clauses holds. 

• 4>{d) is in the form 3xi < ti{d)\/x2 < \t2{d,xi)\A{d,xi,X2). Moreover 
3c < M, u([fi(a)],6) lu c and 3xi < c,3d < u,v{\t2{d,xi)'\,b* xi) J.„ d and 
yx2 < \d\, To(u, \A(a, xi, 2:2)] ,b * xi * X2) holds. 

• 4>{a) is in the form \fx < \t{d)\A{d,x). Moreover 3c < u,v{\t{d)],b) lu c 
andMx < \c\,Tq{u, \A{d,xy\,b * x) holds. 

• (l){d) is quantifier-free. ThenTQ{u,\(l){d)'\,b) holds." 

T{u, lipid)] , b) is -formula. 

Lemma 5. S2 proves T{u, \(j){d)] , 6) A u < u' — > T{u', [0(a)] , b) 

4. Soundness and consistency proof of S2E in 51 

Definition 11. A proof p of S2E is strictly 1-normal if and only if 

(1) All formulas of p is either 1-form or has a form Et. 

(2) p is a free variable normal form. 

The property "w is a Godel numher of strictly l-norm,al proof of sequent F ^ A " 
is A\-definable property. We write 1 — sPrf{w, [F ^ A]) the formula representing 
this property. 
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Proposition 1. Assume 1 — sPrf{w, \T A]). For each node r of w, we write 
the sequent of this node Tr and number of parameter variables in Tr —> A^ 

kr- Then, for each node r of w and any u, the following hold. 



(41) Vp < u#2''^ {seq{p) A Len{p) = kr A^i < kr{l3{i + l,p)< u)) D 

W <uQ rVA e T{u', \A] , p) D G A^ T{u' © r, \B~\ , p) 

where Q is a bit- subtraction and (B is a bit-concatenation. 
Furthermore, this is derivable in 51 . 

Proof. Tree induction on w. Note that the fojrmnla (41) is Sj-formula. Hence, 
can formaUze this induction. We reason informally inside 5*1. 

We distinguish different cases of the inference deriving ^ A^. 
Identity rule: 

a ^ a 

Let p < ■u#2'^'' and assume Seq{p), Len{p) = fcr, Vi < kr(i{i + 1, p) < u. 
Let u' < uQr. Further, assume that T{u\ [a],p). Then, by Lemma 5, 
T{u' © r, [a], p). Hence, r satisfies (41). 
Axioms: We distinguish different cases based on which axiom the sequent is 
a substitution instance of. Let p < u#2'^'" and assume Seq{p), Len{p) = kr, 
Vi < krl3{i + l,p) < u. Let u' <uQr. 
E-axioms: 

EQ 

Since v{ [0] , p) [o 0, T{u' © r, T^O] , p). Hence r satisfies (41). 

Et Esit 

for i = 0,1. Assume T{u', \Et~\,p) i.e. 3c < u'v{\t'],p) J,„' c. Then 
w([sit'|,p) is,u' SiC. Hence r(sjM/, I'Bsit],^). Since Sju' < u' © r, 
r(M' © r, [E'Sit] , p). Hence r satisfies (41). 

pti...tn^ Eti 

for ? = l,...,n. Assume T{u' ,\pti . . .tn\, p). By definition 10 of 
T, Tq{u' , \pti . . . i„] , p). By definition 8 of Tq, there is p-truth tree w 
bounded by u. Only node of w consists of ( \pt\ . . . t„l , 1) • By definition 
it is the case only when 3c < u'v{\ti'],p) c. Hence T{u', \Eti],p). 
By Lemma 5, T(u' © r, \Eti] , p). Hence r satisfies (41). 
The case 

-^pti . . .tn ^ Eti 

is treated similarly as above. 
Equality axioms: 

Et^t = t 

Assume that T{u', [^"1,^). Then, 3c < u'v{\t~\,p) J,„' c. Since c = c, 
there is p-truth tree w bounded by u which consists of single node 
{\t = t],l). Hence To{u', \t = t'], p) and therefore T{u' , \t = t'\,p). By 
Lemma 5, T(u' © r, \t = t^,p). Hence r satisfies (41). 



ii = ^2, ^2 = is — * = is 
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Assume that r(u', \ti = 12], p) and T{u', \t2 = hl^p). Then, 3cl < 

u'v{\tl],p) iu' Cl, 3c2 < u'v{\t2],p) lu' C2, 3c3 < u'v{\t3],p) iu' C3 

and Cl = C2, C2 = C3. Hence ci =03. Since ],/!)) J,„' ci and 
i^(ri3l,p) i«' C3, r(«', [ti = t3],p). By Lemma 5, T{u' © r, [ti = 
t3],p). Hence r satisfies (41). 

tl = t2 ^ Sitl = Sit2 

where i = 0, 1. Assume T{u' , \t\ = t2^ , p). Then, 3cl < u'v{ \t{\ , p) [u' 
Cl, 3c2 < ■u'u([t2l,p) iu' C2 and ci = C2. Hence v{\siti\,p) [s 
v{\sit2^, p) Isiu' SjC2 and SjCi = SiC2 can be proved by the axiom of 
82- Therefore, T{siu', \siti = Sit2],p)- By Siu' < u' (Br, by Lemma 
5, T{u' © r, \siti = Sjt2],p). Hence r satisfies (41). 
Separation axioms: 

Et^t^ Sit 

Assume r(u', \Et],p) i.e. 3c < u'v{\t'],p) lu' c. Thus vdsit], p) is^u' 
sic and by clause (2) of Lemma 1, v{\t\,p) is^u' c. Since c ^ sic, 
T{siu', \t ^ s\t\ , p). Since siu' <u' ®r and Lemma 5, T{u' ®r,\t^ 
sit\,p). 

The cases of sq ad Et — > S(jt ^ s\t are similar. 
Inequality axioms: 

Et^Q<t 

Assume T{u', \Et'\,p) i.e. 3c < u'v{\t'\,p) J.„' c. < c, and hence 
T{u', [0 < , p). By Lemma 5, T{u' ® r, [0 < i] , p). 

tl < t2 ^ Sitl < Sit2 

where i = 0, 1. Assume T(w', \ti < t2~\,p)- Then, 3ci < u'v{\ti],p) iu' 
Cl, 3c2 < u'v{\t2],p) iu' C2 and ci < C2. Hence, v{\siti],p) J. 

Siu' SjCi 

and v{\sit2],p) isiu' SiC2- Since s^ci < SiC2, T{siu', [sjii < Sit2],p)- 
Since Sju' <u'®r, T(u' © r, \siti < Sit2~\ , p)- 

tl < t2 ^ Soti < 51*2 

where i = 0,1. Assume T(m', \ti < t2~\,p)- Then, 3ci < u'v{\ti~\,p) iu' 
Cl, 3c2 < u'v{\t2'],p) iu' C2 and ci < C2. Hence, v([soii],p) is \u' -^qCi 
axi6.v{\slt2^, p) isiti' S1C2. Since sqCi < S1C2, T{siu', [soii < sit2],p)- 
Since sm' <u' ®r, T{u' © r, \soti < 51*2! , p)- 
Defining ELxioms Cond: 

Eti,Et2 Cond{0,ti,t2) = ti 

Assume that T{u', \Et{\,p) and T(u', lEt2],p)- Therefore we have 

a p-cvaluation tree wi of term ti and W2 of t2. Using wi and W2, 
we can construct p-evaluation tree of Cond{Q,ti,t2)- Hence, 3c < 
u'v{ \Cond{0, ti , t2)] , p) iu' c. By clause (1) of Lemma 2, v{ \t\\ , p) iu' 
d and d = c. Hence, T{u' ,\Cond{Q,ti,t2) = ti],p) holds. Since 
m' < w' © r and Lemma 5, we have T{u' © r, \Cond{0, ti , t2) = ti~\ , p). 

ECond{ti,t2,tz) Cond{soti,t2,t3) = Cond{ti,t2,t3) 
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Assume that T{u', \ECond{ti. 1,2^^3)1 . p)- Then, we have a p- valuation 
tree of ti,t2,t3 bounded by u' r{sp(x;tively. Therefore, we can construct 
a /9-valuation tree of Con(i(soti, ^2, is) bounded by squ'. Hence we 
have 3ci < sou'v{\Cond{soti,t2,t3)~\, p) Isgu' ci. Moreover 3c2 < 
Sou'v{\Cond{ti,t2,h)~\, p) is^u' C2 by clause (2) of Lemma 1. By 
clause (1) of Lemma 2, ci = C2. Hence T{sou'\Cond{sQtx,t2,tz) = 
Cond{t\,t2,t3y\, p). By squ' < u' ® r and Lemma 5, we have T{u' © 
r, \Cond{soti,t2,h) = Cond{ti,t2,t3)], p). 

Eti,Et2, Etz — > Cond{siti,t2, ts) = h 
Assume T(w', lEti] , p), T{u', \Et2] , p), T{u', {Ets] , p). Then, we have 
a p- valuation rui,W2,WT, tree of ti,t2,tQ bounded by ti' respectively. 
Hence, p-valuation tree w of Cond{s\t\^t2it^) bounded by siu' can 
be constructed from w\,W2,wz- Let c be the value of w. By clause 
(1) of Lemma 1, is still a p-valuation tree bounded by siu' . Hence 
T{siu\ \Cond{siti,t2,t3) = tz],p). Since siu' < u' (Br and Lemma 5, 
T{u'®r, \Cond{siti,t2,t3) =13], p). 
Defining axioms S: 

S0 = siO 

Since T(l, [5*0 = siO],p), we have done. 

Esit — > Ssot = Sit 
By T(u', [Esit], p), we have an p- valuation tree w of sit bounded by 
u'. Using w, we can construct p- valuation tree of SsqI and sit bounded 
by u'. By clause (1) of Lemma 2, values of both trees are equal. Hence 
T{u', \Ssot = Sit] , p). Since u' <u' (B r, by Lemma 5, we have done. 

ESt Ssit = soiSt) 
By T{u', \ESt'\,p), we have an p- valuation tree w of St bounded by 
u'. Using w, we can construct p- valuation tree wi of Ssit and IU2 
of 50(5*^) bounded by squ'. By clause (1) of Lemma 2, values of both 
trees are equal. Hence T{sou', \Ssit = so{St)'\,p). Since squ' < u'(Br, 
by Lemma 5, we have done. 
Defining axioms | |: 

-|0|=0 

Since T(0, [|0| = 0] , p), by Lemma 5 we have done. 

ES\t\ \sot\ = Cond{t,0,S\t\) 
By T(u', [_ES'|t|] , p), we have an p-valuation tree w of t bounded by 
u'. From w, we can construct p-valuation tree wi of \sot\ and W2 of 
Cond{t, 0, S\t\) bounded by squ'. By clause (1) of Lemma 2, the values 
of wi and W2 are equal. Hence, T{sou', \\sot\ = Cond{t,0, S\t\)], p). 
Since squ' < m © r, by Lemma 5 T{u' © r, \\sot\ = Cond{t, 0, S\t\)] , p). 

ES\t\ \sit\ = S\t\ 
Analogous to the proof above. 
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Defining axioms [2J: 

Since T(2, [|_|J = 0],p), we have done. 

Et ^ l^sotj = t 

Assume T{u', \Et\,p). Then, we have an p- valuation tree w oi t 

bounded by u' . From w, we can construct p- valuation tree wi of 
[isofj bounded by squ' . By clause (1) of Lemma 1, ui is a p- valuation 
tree bounded by squ' . By clause (1) of Lemma 2, the values of wi and 
w are equal. Hence T{squ' , [[isotj = t\,p). Since squ' < u®r, by 
Lemma 5 T{u' © r, [Ls^oiJ =t\,p)- 

Et \^sit\ = t 

Analogous to the proof above. 
Defining axioms ffl: 

Et->tmQ = t 

Assume T(u', [E't] , p). Then, we have an p- valuation tree w oi t 
bounded by u' . Hence we have an p- valuation tree wi of tfflO bounded 
by u' . By clause (1) of Lemma 2, both values of w and W2 are equal. 
Hence T{u', [t ffl = <] , p). By Lemma 5, T{u' © r, |"i ffl = , p). 

EsQ{tx ffl i2) ^ ti ffl 50^2 = Cond{t2, ii, so(ti H i2)) 

Assume T{u', \Eso{ti ffl t2)~\,p). Then, we have an p- valuation tree w 
of Eso{ti Wt2) bounded by u'. By manipulating w, we can construct p- 
valuation tree wi of tifflsoi2 and IU2 of Cond{t2,ti,so{tiSt2)) bounded 
by u' . By clause (1) of Lemma 2, the values of wi and W2 are equal. 
Hence T{u', \ti W sot2 = Cond{t2,ti, so{ti mt2))],p). By u' < u' ® r 
and Lemma 5, T{u' © r, \ti ffl SQt2 = Cond{t2,t\, so{t\ ffl t2))'\ , p). 

Eso{tl ffl t2) ^ ffl 51*2 = So{tl ffl t2) 

Analogous to the proof above. 
Defining axioms 

Et ^ t#0 = 1 

Assume T{u',\Et],p). Then, we have an p- valuation tree w of t 
bounded by u'. From w, we can construct p-valuation tree wi of t#0 
bounded by u'. By axioms (of 5*1), the value of Wi is 1. The valuation 
tree W2 of 1 is bounded by 1. Hence T{max{u', 1}, [i#0 = ll-p). Since 
max{u', 1} < u' © p, by Lemma 5 T{u' © r, [t#0 = l].p). 

E{ti#t2) ffl ii ^ ti#sot2 = Cond{t2, 1, {ti#t2) ffl h) 

Assume T{u', \E{ti^t2) ffl ti],p). Then, we have an p-valuation tree 
w of (ti#i2) fflii bounded by u'. Manipulating w, we have p-valuation 
tree wi of ti#soi2 bounded by max{sou' ,1} and a p-valuation tree 
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W2 of Cond{t2,l, {ti^t2) fflti) bounded by max{sou\l}. By clause 
(1) of Lemma 2 and axioms of 5*1, the values of wi and W2 are equal. 
Hence r(TOaa;{sou', 1}, [ii#soi2 = Cond{t2,l,{ti^t2)Sti)~\, p). Since 
max{sow', 1} < u' (B r, by Lemma 5 we have T{u' © r, [ti#soi2 = 
Cond(t2,l,(ti#i2)ffl*i)l,p). 

E{h#t2) mti^ h#Sit2 = {tl#t2) ffl tl 

Analogous to the proof above. 
Defining eixioms parity: 

— > parity{0) = 

Since T(0, [parity (0) = 0] , p), we have done. 

iJt parity{sot) = 

Assume T{u', \Et\^p). Then, we have an p-valuation tree w oi t 
bounded by u' . From w, we can construct p-valuation tree w\ of 
parity{sot) bounded by squ'. By clause (1) of Lemma 2 we can reason 
that the value of wi equals 0. Hence we have T{sou' , \parity{sot) = 
0],p). Since squ' < u' (B r and by Lemma 5, T{u' © r, \parity{sot) = 
01, P). 

Et parity{sit) ~ 1 

Assume r(u', \Et\^p). Then, we have an p-valuation tree w of i 
bounded by is! . From w, we can construct p-valuation tree W\ of 
parity{sit) bounded by m,ax{siu' , 1}. By clause (1) of Lemma 2, the 
value of wi equals 1. Hence we have T{max{siu' , 1}, \parity(sot) = 
0] , p). Since max{siu', 1} < u' (B r, T{u' ® r, \parity{sit) = 1] , p) by 
Lemma 5. 
Defining axioms -|-: 

Et^t + = t 

Assume T{u', \Et],p). Then, we have an p-valuation tree w of t 
bounded by u'. From w, we can construct p-valuation tree wi of 
t + bounded by u'. By axioms (of ^l), the value of Wi equals 
to w. Hence T{u', \t + = t].p). Since u' < u' (B p, by Lemma 5 
T{u'®r, lt + = t],p). 

E{l^ti\+t2) ^ti+sot2 = Cond{parity{ti),so{[^ti\+t2),si{[^ti\+t2)) 

Assume T{u', \E{[^ti\ -1-^2)1,^)- Then we have p-valuation tree w of 
[^tij +t2 bounded by u' . Then, we can construct p-valuation trees wi 
ofti + sot2 and w;2 of Cond{parity{ti), soi[^ti\ + ^2), Sid^^iJ +^2)) 
bounded by Siu' . By clause (1) of Lemma 2, the values of wi and 
W2 are equal. Hence T{siu', \ti + sot2 = Cond{parity{ti), so{[^ti\ + 
t2),si{[^ti\+t2))],p). Since Sim' < u'®r, by Lemma 5, T{u'®r, \ti + 
sot2 = Cond{parity{ti), soil^til + ^2), si(L|*iJ +*2))l,/o)- 
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E{[-ti\+t2) ^ti+sit2 = Cond{parity{ti),si{[-ti\ + t2), so{S{[-ti\ + 12))) 

Assume T{u', [^^([5*1] +t2)],p). Then we have p- valuation tree w of 
[i^ij + 12 bounded by u'. Then, we can construct /9-valuation trees 

wi of ti + sit2 and W2 of Cond{parity{ti), si{[^ti\ +^2), so(5'([5tiJ + 
t2))) bounded by so{Su'). Hence we have T{so{Su'), \ti + sit2 = 
Condiparityih), siil^hl + t2), soiSil^hl + t2)))], p). By soiSu') < 
u'(Br and Lemma 5, T{u' (Br, \ti + sit2 = Cond{parity{ti),Si{[^ti} + 

t2),S,{S{[^h\+t2m,p). 

Defining axioms •: 

Et^t -0 = 

Assume T{u', \Et\,p). Then, we have an p- valuation tree w of t 
bounded by u' . From w, wc can construct p-valuation tree Wi of f • 
bounded by u' . By axioms (of 5*1), the value of wi equals to 0. Hence 
T{u', {t-O = 0] .p). Since u' <u'®p, by Lemma 5 T{u'®r, \t-0 = t] , p). 

Eti ■t2^ti- (50^2) = So(il • <2) 

Assume T{u' , \Eti ■ 12'] , p)- Then, we have p- valuation tree w oiti- 12 
bounded by u' . Hence we have p- valuation trees wi of ti • (30^2) and t«2 
of So(ii ■ ^2) bounded by squ' . By clause (1) of Lemma 2 and axioms 
of S2, the values of wi and W2 are equal. Hence T{squ' , \ti ■ {sot2) = 
so{ti ■t2)~\,p)- Since squ' <u' (Br, by Lemma 5 T{u' © r, \ti ■ {sot2) = 
so{ti ■t2)],p). 

Eso{ti ■ ta) +ti^ti- (.sita) = 50(^1 • ^2) + h 
Assume that T{u', \Eso{ti ■ 12) + ti\,p). Then wc have p-evaluation 
w of term so(^i • ^2) + ti bounded by u' . By rearranging tree w and 
using axioms of Sf, we have p- valuation trees w' of term ti ■ {sit2) 
bounded by u' . By axioms of 5|, values of w and w' are equal. Hence, 
T{u', \ti-{sit2) = so{ti42)+ti\,p). By Lemma 5, r(u'©r, \t1is1t2) = 
so{ti -12) +t{\,p). 
Structural rules: Weakening: 

A 

A,r^ A 

By induction hypothesis, (41) holds for the assumption. Hence (41) 
trivially holds for the conclusion. 

r-^ A 

A,y4 

By induction hypothesis, (41) holds 
trivially holds for the conclusion. 
Contraction: 

A,A,T^A 
A,r ^ A 
By induction hypothesis, (41) holds 
trivially holds for the conclusion. 



for the assumption. Hence (41) 



for the assumption. Hence (41) 
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A,A,A 

By induction hypothesis, (41) holds for the assumption 
trivially holds for the conclusion. 
Exchange: 

r,A,B,Il^A 
T,B,A,U^A 

By induction hypothesis, (41) holds for the assumption 
trivially holds for the conclusion. 

r ^ A,A,B,U 
T ^ A,B,A,U 

By induction hypothesis, (41) holds for the assumption 
trivially holds for the conclusion. 
Logical rules: -i-rules: 

: ^1 

r A,p(ti, ...,tn) 
-np{tl,...,tn),T ^ A 

By induction hypothesis, (41) holds for the assumption. To prove 

(41) for the conclusion, wc first assume that VA G F T{u', \A'],p) 
and T{u', \^p{ti, . . . ,tn)~\,p). By induction hypothesis. Either 3B G 
A T(u'eri, \B],p) or T(u'eri, {pih, . . . ,t„)], p). But from hypoth- 
esis and Lemma 5, T{u' ® ri, \p{ti, . . . ,f„)],p). Hence, if we have 
T{u', \^p{ti, . . . ,tn)~\, p) then contradiction. Hence 3B G A T{u' © 
ri, \B] , p). Since u' (Bri < u' ® r, by Lemma 5, we have done. 

p(^i,...,^„),r^ A 
Eti,...,Etn,r ^ A,^p{ti,...,tn) 
Assume VA G T T{u', \A'] , p) and T{u', \Eti~\ , p) for alH = 1, . . . , n. If 
3B G AT{u' © r, [A],p), we have done. So assume otherwise. Then 
G A, T{u' © ri, [^],p) does not hold. Hence, by induction hy- 
pothesis, r(u', \p{ti, . . . ,i„)],p) does not hold. Therefore, by Lemma 
4 and hypothesis, T{u' , \^p{t\, . . . , in)] , p) does holds. Hence we have 
done. 
A-rules: 

: ri 

a,t'^a 
IXbt^Ta 

By Lemma 3, T{u' , \Af\B'\. p) implies T(u', [A] , p). Hence, by induc- 
tion hypothesis, 3C G A such that T{u' © ri, fC] , p). Since u' © ri < 
u' © r, by Lemma 5, we have done. 

A,r ^ A 

BaA.T ^ A 



. Hence (41) 



. Hence (41) 



. Hence (41) 
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This case is proved similarly as above. 

: ri : r2 

t^'a,a r^'A,B 
t^a,aab 

Assume VC S F T(w', [C],p). By induction hypothesis, either 3D G 
A,T{u' ® n, \D],p) or T{u' © n, For the former case, since 

u' (B ri < u' (B r, by Lemma 5, we have done. Otherwise, T{u' © 
ri, lA] ,p). By induction hypothesis, either 3D G A, T{u' © r2, , p) 
or T(u'©r2, [B] , p). For the former case, again since ■u'©r2 < u'Or, we 
have done. Otherwise, T(u'©r2, [-B],p). Since u'©ri, u'©r2 < ■u'©r, 
T(u' © r, [^], p) and T(u' © r, [Bl, p). Hence, by Lemma 3 and the 
definition of T, T{u' (S r, \A A B], p). 
V-rules: 

■ n : r2 

A,r'^ A B,r^A 

AV B,T^ A 

It suffices to show that if T{u', \AV B^, p) and VC e F, T{u' , [C] , p) 
then 3D S A, r(?i', [D] , p). Assume that T(m', [A V , p) and VC e 
F,T(u', [C],p). By definition of T and Lemma 3, T{u', \A V 
is equivalent to T{u' , \A],p) or T{u', \B'],p). Hence, by induction 
hypothesis, either 3D e AT{u' © n, \D]) or 3D e AT{u' © ra, \D]). 
Since u' © ri, w' © r2 < w' © r, we have 3D e AT(u' © r, [£>]) 

r^'A,A 

T^A,AyB 

Assume VC G F,T(m', [C],p). By induction hypothesis, either 3D G 
A,T{u'®n, \DIp) orr(w'©ri, [^1,^). lf3D e A,T(u'©ri, \Dlp), 
then since ^'©ri < u'©r, we have done. Otherwise, T(u'fflri, I'A],^). 
By definition of T and Lemma 3, we have T{u' © ri , [A V S] , p). Since 
u' © ri < «' ® r, we have done. 

F ^ A, .4 
r ^ A,BV A 

The proof is similar as above. 
V-rules: 

infer *[ri]A{t),r ^ A 
t < s,yx < s.A{x),T A 

Assume that C satisfies T{u', \C],p) if C is a formula in t < s,Vx < 
s.A{x),r. Then, there are c,d such that J,^ c, f(rs]) i'u d and 

c < d. Since the proof w is a 1-normal proof, in \fx < s.A(x), s has a 
form \s'\. By assumption, T{u', [Vx < s.A{x)],p). By Definition 10, 
3d' < u',v{u', \s''\,p) and Va; < \d'\,To{u', \A{x)'\,p* x). By Lemma 

2, d= \d'\. Hence, c < \d'\. Therefore, Tq{u', [A(x)],p*c). By Lemma 

3, To{u', \A{t)],p). By Definition 10, T{u', \A{t)],p). Combining the 
fact that VC G F, T(u', [C],p), by induction hypothesis of ri, 3D e 
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A, T{u' © n, [£>] , p). Since m' © n < u' ffi r and by Lemma 5, T{u' ® 
r, \D],p) 

: ^1 

a; < i,r ^ A,A(a;) 
Nt,T ^ A,yx < t.A{x) 
where x does not appear in F, A and t. 

Assume r(u', [iVt],p) and VC e r,T(u', rC],p). Then, by the first 
assumption, 3c < u'.v{u', \t\,p) J,^ c. let d be any natural number 
satisfying d < c. Then, T(u', \x < t], p* d) and since x docs not occur 
in r, VC e r,T(M', |'C],p* d). By induction hypothesis on n, either 
3£) e AT(u' © n, , p * rf) or T(m', [^(a;)] ,p*d). 
3-rules: 

: ''i 

a; < t,A(x),V ^ A 
3a; < t.A{x),T ^ A 
where ,T docs not appear in F, A. 

Assume T{u' , [3a; < i.A(a;)],p) and VC e r,r(u', |'C],p). By defini- 
tion of T, 3c < w' such that v{\t\, p) ['^ c and 3d < c, T(u', [^(a;)] , p * 
d). Since x does not appears in F, VC G F,T(m', [C],p * d). By in- 
duction hypothesis on r\ , 3D € A, T(m' © ri , [D] ,p*d). Since -D does 
not have a; as a free variable, T{u' ® ri, \D'] , p). Since u' ® n < u' ®r 
and by Lemma 5, T{u' © r, [D] , p). 

r^A,Aft) 

i < s, F ^ A, 3.T < s.A{x) 

Assume that T{u', \t < s],p) and VC G T,T{u\ rC],p). By induc- 
tion hypothesis on n, either 3i:> G A,T(u' © ri, [L'IjP) or T(m' © 
ri, |"A(t)],p). If 31? G A, r(u'©ri, [D] , p), we have done by Lemma 3. 
Hence, assume r(u'©ri, [yl(t)],p). By Lemma 2, 3c.i;([t],p) iu'en c 
and T(w' ©n, [A(a;)] , p * c). Since r(M', < s],p), 3d.v([s],p) i; d 
and c< d. Therefore, by definition of T, T{u' ©ri, [3a; < s.j4(a;)],p). 
Cut-rule: 

■ ri : r2 

r^'A,A A,n'^A 

r,n ^ A,A 

Assume VC G F,n,T(u', [C],p). By induction hypothesis on ri, ei- 
ther 3£> G A,T(w' ©ri, rCl,p) or T(u'' © n, [A] , p). If 3D G A,T(u'© 
ri, [C],p) then T(u' © r, [C],p) by Lemma 5, therefore we have done. 
Hence, we assume that T{u' © ri, [A],p). By assumption and Lemma 5, 
VC G n, T{u' © ri , [C] , p) . Since m' © ri < w © r2 , we can apply induction 
hypothesis to u' © ri . Hence, we have 3D G A, T{u' © ri © r2 , [D] , p) . Since 
u' © ri © r2 < u' © r, 3D G A, T(w' © r, [D] , p) by Lemma 5. Hence we have 
done. 

□ 
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Theorem 1. 5*1 h Vw^l - Prf{w, \^]) 

Proof. Immediate from Proposition 1. □ 

5. Conjectures 

In this section, we discuss several conjectures concerning S2E. 

The most interesting problem concerning S2E is whether proves Vw-il — 
Prf{w, \^~\) or not. If the answer is negative, we have Sf 7^ Sf, hence the funda- 
mental problem of bounded arithmetic is solved. 

It would be easier to prove 

allowing any formula in the proof, since Solovay's cut shortening technique would 
work. To use Solovay's cut shortening technique, wc need to convert Si proof to 
S2E proof with Sj-PIND. This is achieved another conjecture. Let (/>(x) be a 
E^-formula with free variables x = xi, X2, . . . , x„. Assume Sf h ^!>(x). Then, we 
conjecture SqE + — PIND h- Nx (f>{x), where Nx stands for the sequent 
Nxi,Nx2, ■ ■ ■ , Nxn- This is plausible because SqE contains all inductive definition 
necessary to prove totality and uniqueness of functions and predicates. 
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